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ABSTRACT A functional is proposed for representing the
electronic kinetic energy of the ground state of an N-electron
atom or ion in terms of its electron density,
T[p] = Tw[p] + TO[pJ - (C/N'/3)Top].
Here Tw is the Weizsacker quantity (1/8)f(Vp.Vp/p)dr and
To is the Thomas-Fermi quantity CFfp/3dr. From Har-
tree-Fock data on 55 neutral atoms, C = 1.412 I 0.033; for 1200
atoms and ions, C = 1.332 4 0.053. The proposed functional
gives the derivative 6T/6p its most important correct properties.
The term Tw is shown to give the kinetic energy of the Kshell,
whereas the term (CfN'13)To gives an incorrect statistical es-
timate of that energy. An alternative correction -(C/N1/3)T
gives even better results.
For the ground state of an atom or molecule, the Hohenberg-
Kohn theory (1) states that the electronic kinetic energy T is a
universal functional of the spinless single particle density p(l).
Unfortunately, the explicit form of T[p] is not known.
The classic approximation to T[p] for an atom is given by the
Thomas-Fermi formula,
To[p] = CFfp5/3d1, [1]
where CF = (3/10)(3ir2)2/3 = 2.8712. This formula is fairly
though not highly accurate; if actual- Hartree-Fock atomic
densities are inserted in [1], the resulting kinetic energies are
too low by 5-10% (2). The complete Thomas-Fermi theory
itself leads to the numerical prediction, for neutral atoms,
To(Z) = 0.7687 Z7/3, [2]
where Z is the nuclear charge (for example, see ref. 3). Lieb and
Simon have proved rigorously that this formula is correct in the
limit of infinite Z (4, 5). Nevertheless, a fit of many atoms gives
T = 0.6127 Z7/3 (6). The Z7/3 dependence is confirmed, but for
actual atoms the multiplicative factor is changed. The error is
about 5%.
A correction to the approximation of [1] was suggested long
ago by Weizsacker (7); he argued for inclusion of a term
Tw[p] =
1 VP VPdr [3]
This is the correct kinetic energy functional for a one-electron
atom or a two-electron Hartree-Fock atom. Unfortunately, the
formula
T[p] = To[p] + Tw[p] [4]
badly overestimates the kinetic energy (8). An interesting de-
velopment of [4] starting from the Hartree-Fock description
has been given by Macke (refs, 9 and-10; see also ref. 11).
Because [1] is correct for a uniform electron gas, it is natural
to develop corrections to it from linear response theory and
related considerations, determining additional terms appro-
priate when small gradients in p exist. That is the gradient ex-
pansion method (12, 13). It produces a formula for T[p] of the
form
T[p] = To[p] + T2[p] + T4[p] + * * *, [51
where
T2[p] =1TW[p-,9 [61
'ri-1 c-/ p-3V2p 2 9 V2p (VP 2TP] (37r2)-/ 18l- - -540 X (P ) 8 ( p)( )
+ l 'VP 4 dr. [71
The formula for T6[p] also is known (14). Equation [5], with the
sum truncated at T4, gives surprisingly good values of T when
one uses Hartree-Fock densities; the sum gives values of T with
better than 1% accuracy for neutral atoms havingZ greater than
6 (8). Equation [5] is nevertheless not a truly satisfactory func-
tional. T6 diverges for atoms, and, more important, the func-
tional derivative bT/6p implied by [5] is incorrect (14).
THE FUNCTIONAL
Indeed, it is the necessary properties of 6T/6p which are the
key to finding a better kinetic energy functional for atoms and
molecules.
It is clear from arguments already given in large part by
Goodisman (15) that the full Weizsacker correction is a highly
desirable component of a good functional. This is what will
assure correct long-range behavior of a density obtained from
the Euler equation corresponding to the functional (16, 17), and
that is what will produce acceptable behavior at a nucleus (18).
Contrary to what Goodisman implies, contributions to bT/bp
from terms such as To[p] do not necessarily produce errors in
the description of a nuclear cusp (see below).
Remembering that TOjp] is the correct answer for very large
Z = N and realizing also that Tw[p] has a less strong depen-
dence on Z than does To[p], the conclusion is that the form of
[4] should be preserved for very high Z. There is some difficulty
with it for low Z, however; what is it? The trouble is that Tw[p]
is representing, correctly, some-part of the kinetic energy also
included, incorrectly, in To[p]; we must manage to subtract out
from To[p] just that piece of it.
For the ground state of an atom or ion of nuclear charge Z
containing N electrons, we write, exactly,
T[p] = Tw[p] + To[p]y(N,Z), [8]
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and approximately,
T[p] = Tw[p] + To[p] 1 N-C]' [9]
where C is a constant. In this paper we present extensive nu-
merical data elucidating y(NZ) and establishing the accuracy
of [9]. We give a quantitative physical argument supporting the
precise form of the correction embodied in [9]. We also display
and discuss implications regarding the functional derivatives
bT/5p, and we make an interesting discovery concerning the
Weizsacker term Tw.
Note that, in [8] and [9], T is represented as the Weizsacker
term plus a correction, in contrast with [4] and [5], in which T
is represented as the Thomas-Fermi term plus corrections.
Support for the new emphasis is provided by a recent analysis
of the kinetic energy, in which it was shown that decomposition
of T into Tw plus a correction term is natural from the point
of view of-information theory (19).
RESULTS
Following the strategy of the earlier work from this laboratory
on testing the gradient expansion of [5] (2, 8, 20), we explore
[8] and [9] by employing accurate electron densities for atoms,
obtained by solving the "average-energy-of-the-configuration"
Hartree-Fock equations (21, 22).
Fig. 1 exhibits values of y(N,Z) for 1178 atoms and ions
(charges-1 to +20), calculated from-numerical Hartree-Fock
functions (21, 22). It is evident that y(NZ) is nearly a function
of N only, with the spread of values for a given N decreasing
with increasing N. y(N,Z) increases with N, approaching 1 as
Nl approaches co in accord with Thomas-Fermi theory. To re-
iterate the meaning of -y(N,Z), it is the fraction of To[p] that
must be added to Tw[p] to give an accurate total T[p].
In the figure also is shown a graph of the formula
y(N,Z) = 1 - 1.332 (atoms or ions). [10]
The coefficient 1.332 is the average over all species except those
with N = 1, with weights equal to one except for the N = 54,
N = 86, and N = 118 species, which were respectively assigned
weights 15, 30, and 15, of the empirical values of N1/3[1 -
y(N,Z)]. The root-mean-square error in the coefficient is 0.053,
which implies errors in y varying from 0.042 forN 2 to 0.014
for N = 54 to 0.012 for N = 86, and percentage errors in the
predicted T from 3.8% forN =2 to 1.3% for N = 54 to 1.1% for
N = 86.
Fig. 2 depicts the situation for neutral atoms only. Empirical
values of yare given for 54 species. Plotted also is the curve
y(N,N) = 1 - 1 (neutral atoms). [11]
The coefficient 1.412, with root-mean-square error 0.033, is the
average of the quantities N1/3[1 -y(N,Z)] for 55 atoms with
N> 1, with N = 54, 86, and 118 again given weights 15, 30, and
15. A better fit of the data is provided by the formula
,y(N,N) 1 -1 503 (neutral atoms). [12]
The root-mean-square error in the coefficient is 0.011. Equation
[11] allows the prediction of T for N = 2, 54, and 86 to 2.3%,
0.8%, and 0.7%; the corresponding percentages for [12] are 0.8,
0.3, and 0.2.
DISCUSSION
We conclude that [9] well represents data for atoms and ions.
For neutral atoms, C = 1.412 + 0.033; for atoms and ions, C =
1.332 + 0.053.
Much more can be said about [9], however. Not only does it
give bT/6p highly desirable, correct properties, but also the
correction factor -C/N1'3 has a precise physical 'rationaliza-
tion.
First, concerning the implications for bT/6p, the unit coef-
ficient of Tw assures that a density obtained from a corre-
sponding Euler equation will have the correct long-range be-
havior'p exp(_2x/-21r) and also the correct nuclear-cusp
behavior p exp(-2Zr). In addition,' if one respresents T[p]
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FIG. 1. Values of -y(NZ) for 1178 atoms and ions, calculated from Hartree-Fock electron densities and [8]. The curve is the one-parameter
fit of [1O]. For each N, the Z values increase upward, from N - 1 to N + 20.
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FIG. 2. Values of y(NN) for neutral atoms, calculated from Hartree-Fock electron densities and [8]. The curve is the one-parameter fit
of [11].
= f tpd-r, and Tw similarly in terms of a kernel tw, then t >
tw at the nucleus, and the functional [9] permits this. To prove
that t > tw, one notes that t [defined to be inherently nonneg-
ative (ref. 23; see also ref. 24)] at the nucleus has positive con-
tributions from both s and p natural orbitals (zero contributions
from others), whereas only s orbitals contribute to tw at the
nucleus for spherically symmetric species. Fig. 3 shows t as
computed from [8] for the xenon atom, compared with the exact
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FIG. 3. Kinetic energy density for xenon, kernel t in T = ftpdr.
See text and ref. 23. -, Hartree-Fock kernel; ---, kernel corre-
sponding to [8].
hibiting the same shell structure. A corresponding approximate
t developed from [5] is less satisfactory (23, 24).
Now let us discuss the correction term in [9], the term
-(C/N1/3)To[p]. To understand it, first consider the term that
displaces it, Tw[p]. Table 1 gives TW[p] for neutral atoms, and
also the total K shell kinetic energy TW[PK]. The two quantities
are close to the same. This result conclusively indentifies Tw
as representing the kinetic energy of the two electrons in the
K core, whatever the atom. That the Thomas-Fermi correction
of order Z2 somehow comes from "the core" has long been
known (4, 5, 25), but our observation is much more precise. The
argument is completed by noting, following Schwinger (26),
that the fraction of To that should be excluded is that part of
it due to these electrons. Schwinger's formula for this energy
increment, from equation (25) of his paper, is n'Z2, where n'
is the effective number of electrons involved, which is (n'/
0.7687 N'/3) times the Thomas-Fermi To. Equating this ratio
to C/N1'3, with C 1.3 as implied by [10], gives n' 1.0, in
acceptable agreement with the actual number of electrons in
the K shell in view of the fact that Schwinger's formula is only
an estimate.
Another way to establish the same identification is to com-
pare the magnitude of the quantity T - To - Tw with a direct
statistical estimate of the K shell kinetic energy, TO[PK]. Values
for these two quantities are given in Table 1; they are close. This
is to say that the proposed functional of [9] may be regarded as
much the same as the functional
T[p] = To[p] - TO[PK] + Tw[PKI. [13]
Table 1. Various kinetic energy increments for noble
atoms (atomic units)
T[p] -
Atom Tw[p] TW[PK] To[p] - Tw[p] TO[PK]
He 2.86 2.86 -2.56 2.56
Ne 90.63 92.54 -79.85 84.52
Ar 308.43 308.15 -271.56 281.94
Kr 1276.74 1260.15 -1115.87 1154.64
Xe 2932.02 2859.00 -2557.61 2621.08
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FIG. 4. Test of [15] for neutral atoms. The points are values calculated from Hartree-Fock densities. The curve is the one-parameter fit
of [15], with C' = 1.332.
To obtain our functional from this one, use TW[PK] TW[P]
and
C
TO[PK] N 1/3 To[p]. [14]
That this last is reasonable can be seen by testing it with hy-
drogen-like orbitals on the left, Thomas-Fermi density on the
right. The result is C - 1.2, in excellent agreement with our
empirical values.
Because To and T are approximately the same for all N and
Z, one may wonder what the effect would be of replacing To
by T in the last term in [9], that is, of correcting [4] not by
subtracting (C/N'/3)To but by subtracting (C'/N'/3)T. This
gives the formula
T~]=Tw[p] + To[p]
T[p] = (1 + C'/N1/3) [15]
where C' is a constant. The correct cusp is lost, which makes [15]
less desirable than [9] as a progenitor for an Euler equation. But
the numerical accuracy of [15] in fact surpasses that of [9]. For
neutral atoms one finds C = 1.332 ± 0.023, corresponding to
errors in predicted T ranging from 1.8% for N =2 to 0.5% for
N = 86. Fig. 4 shows this remarkable fit.
Further insight and confidence is provided when one con-
siders the spin-density extension of our proposed functional.
Write p = pt + pi, N = Nt + Nj, and
T[p] = yt22/3To[pt] + yj22I3To[pl] + Tw[pt]
+ Tw[pj]. [16]
Then take
lt= 1-()1X3= 1-(N )1. [17]
This is expected to be an excellent functional. It gives the correct
results for H and He, and it gives for the spin nonpolarized
case
T~]= Tw[p] + [1 - (2)1/3s To[p]. [8
This is of the form [9] with C = 1.260.
Because we have used Hartree-Fock data to deduce [9],
strictly speaking we should present it as an approximate Har-
tree-Fock functional. However, the implications for the exact
functional are essentially the same. The arguments on ST/6p
are identical for exact and Hartree-Fock theory, and it is known
that the differences between exact and Hartree-Fock densities
are small.
One should mention that [8] may be found in an interesting
paper by Szasz et al. (27), as well as an approximate version of
Fig. 2.
We conclude that the Weizsacker correction Tw to
Thomas-Fermi theory represents K electrons in atoms and
molecules, that when it is included in a kinetic energy func-
tional together with the Thomas-Fermi term To there also
should be included a term of the form -(C/N'/3)To [or
-(C'/N113)T], and that the resulting functional, of the form
To+ Tw - (C/N1I3)To, well represents the kinetic energy for
the whole periodic table. We strongly recommend extensive
trials of this functional in variational'contexts.
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